Let
Introduction
Let (M, G) be a pair of groups such that M is a normal subgroup of G and N any other group. We recall from [5] In special case a = i, [M, G] and Z(M, G) are the commutator subgroup and the centralizer of G in M, respectively. In this case, we define
and inductively obtain the upper central series of the pair (M, G). The pair (M, G) is said to be capable if it admits a relative central extension a such that kercr = Z(N, G) (see also [2] ). One can easily see that this gives the usual notion of a capable group G [2] , when the pair (G, G) is capable in the above sense.
We call a pair of finite p-groups (A/, G) an extra-special, when Z(M, G) and [M, G] are the same subgroups of order p.
Ellis [3] defined the Schur multiplier of the pair (M, G) to be the abelian group J((M, G) appearing in the following natural exact sequence 
It is easily seen that for any element
The following lemma shortens the proof of Theorem A.
LEMMA 2.1. (a) Under the above assumptions and notation,
)/2-s ( tnen fo e following hold: and so
The last inequality implies that G) . Thus , G) [5] Commutator subgroup and Schur multiplier which implies that
[Z(M/[G,zlG/[G,z]):Z(M, and so v(z) <m + n-k-2.
Hence using the hypothesis and part (a) we must have
Therefore we have m + n < k + 2 and so 
This gives M -G, which is a contradiction and proves (i). Now, to prove (ii) we use the assumption that there exists z £ Z 2 (M, G)\Z(M, G) such that \zZ(M, G)\

First assume M/Z{M, G) = Z(M/Z(M, G), G/Z(M, G)). Then M/Z(M, G) is abelian and by Lemma 2.1 (a), e\p(M/Z(M,
G
\Z(M,G) Z(M,G)J Z(M,G)
Then by Lemma 2.1 (b), 
This is a contradiction and hence Z 2 (M, G)/Z(M, G) is an abelain group of order p.
On the other hand,
of order p, and so we must have
is an extra-special pair of p-groups.
• Using Theorem A, we obtain the following corollary which is of interest in its own right. 
PROOF. Using equation (1) and Lemma 2.1 (a), we have
and also
Then the result follows from Theorem A.
•
To prove Theorem B, we recall the concept of covering pair from [3] . The relative central extension a : M* -> G is called a covering pair of the pair of finite groups (M, G) when the following conditions are satisfied:
If a : G* -> G is a covering pair of the pair (G, G), then G* is the usual covering group of G, which was introduced by Schur [7] .
In [3] , Ellis proved that any finite pair of groups admits a covering pair. The first two authors, under certain conditions in [6] , showed the existence of a covering pair for an arbitrary pair of groups. •
